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The effective field theory (EFT) of inflation provides a natural framework to study the new
physical effects on primordial perturbations. Recently a healthy extension of the EFT of inflation
with high-order operators has been proposed, which avoids ghosts and meanwhile leads to a nonlinear
dispersion relation of the scalar perturbations. This paper is devoted to studying the effects of these
high-order operators by using the uniform asymptotic approximation method. In particular, we
first construct the approximate analytical solution to the mode function of the scalar perturbations.
Because of the presence of the high-order operators, the perturbation modes usually experience
a period of non-adiabatic evolution before they cross the Hubble radius, which could lead to the
production of excited states and modifications of the primordial perturbation spectrum. However,
we show that the modified power spectrum is still nearly scale-invariant and the presence of the
high-order operators can only affect the overall amplitude of the spectrum. In particular, after
showing explicitly the impact of these new effects on particle production rate and perturbation
spectrum, we explore their origin in detail.
I. INTRODUCTION
The cosmic inflation has achieved remarkable successes
not only in solving several fundamental and concep-
tual problems (such as the flatness, horizon problem,
and exotic relics) of the standard big bang cosmology,
but more importantly, it provides a causal mechanism
for generating the large-scale structure of the Universe
and the cosmic microwave background (CMB) [1–3] (see
Ref. [4] for an updated review). All these predictions are
matched well to cosmological observations with a spec-
tacular precision [5–8]. These observations have provided
a strong evidence of a nearly scale invariant power spec-
trum of adiabatic perturbations and support the infla-
tionary paradigm with a single scalar field, which gives
rise to a slow-roll inflationary phase. During this slow-
roll phase, the energy density of the matter field remains
nearly constant and the spacetime behaves like a quasi-de
Sitter spacetime.
While there are a lot of approaches to realize the in-
flation with a single scalar field, the EFT of inflation
provides a general framework for describing the most
generic single scalar field theory and the associated fluc-
tuations in a quasi de-Sitter background [9, 10]. In this
framework, the scalar field provides a clock that breaks
time diffeomorphism invariance but preserves the spatial
one. This allows one to construct the action of the the-
ory around the quasi de-Sitter background in terms of
spatial diffeomorphism invariants and study the effects
of different terms. This is very similar to the case of
Horˇava-Lifshitz (HL) theory of quantum gravity [11–15],
in which the symmetry of the theory is broken from the
general covariance down to the foliation-preserving dif-
feomorphisms. With this property, the action of the HL
∗ zhut05@zjut.edu.cn; Corresponding author
theory of quantum gravity has to be constructed in terms
of 3-dimensional spatial diffeomorphism invariants. By
including high-order spatial derivative operators (up to
the six order), but excluding high-order temporal deriva-
tive operators, the HL theory of gravity becomes power-
counting renormalizable. Such remarkable features have
attracted a lot of attention and the observational effects
of high-order operators to inflationary perturbation spec-
tra have been extensively studied [16–19] (see [20] for an
updated review).
Considering the similarity between the two theories
based on the same symmetry, it is natural to study these
high-order derivative terms in the framework of EFT of
inflation. These new terms provide an efficient way for
parametrizing unknown high energy physics effects on the
low energy scale, and produce various inflationary mod-
els [21–29], such as inflation models in HL theory men-
tioned above, DBI inflation [27, 28], and Ghost inflation
[29] (for EFT of bouncing universe, see [30, 31]). Re-
cently, the EFT of inflation has been extended by adding
higher spatial derivative terms (up to the fourth-order)
[32]. With this extension, the usual linear dispersion
relation associated with the propagation of inflationary
scalar perturbation has been changed to a nonlinear one.
The presence of the high-order operators also sets a new
characteristic energy scale in the extended theory. Above
this new energy scale, the high-order operators dominate,
while below it the usual linear ones become dominant.
An important question now is whether the new high-
order derivative operators in the extended EFT of infla-
tion can leave any observational effects. An essential step
to address this issue is to investigate the cosmological
perturbations in the extended EFT of inflation and calcu-
late the corresponding inflationary observables by evolv-
ing perturbation modes starting from the high energy
regime where the higher-order terms dominate until the
end of the slow-roll inflation. Such considerations have
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2attracted a lot of attention recently [32–34]. In particu-
lar, the impact of the resulting nonlinear dispersion re-
lation on the primordial perturbation spectrum has been
studied extensively (see [35–41] and references therein).
One of the effects is that the cosmological perturbations
can experience a period of non-adiabatic evolution in the
high energy regime, and as a result, the perturbations are
no longer in the adiabatic Bunch-Davies state. These ex-
cited states in turn lead to particle production during
inflation and modify the primordial perturbation spec-
trum.
According to the quantum field theory in curved space-
time, particle production can arise from non-adiabatic
evolutions of the associated field modes [42]. Indeed, this
is exactly the case that occurs in cosmological pertur-
bations in the extended EFT of inflation [32–34]. Such
non-adiabatic evolutions of the primordial perturbations
also occur during the super-inflationary phase right after
the quantum bounce in loop quantum cosmology, see, for
examples, [43–46]. However, when the adiabatic condi-
tion is violated, it is in general impossible to study exact
solution and the corresponding power spectra for cos-
mological perturbations, and thus one has to use some
approximate methods. Recently, we have developed a
method, the uniform asymptotic approximation method
[37, 40, 47], to calculate precisely the quantum gravita-
tional effects of the primordial perturbation spectra. The
robustness of this method has been verified for calcu-
lating primordial spectra in k-inflation [48–51], inflation
with nonlinear dispersion relations [37, 40, 41], quantum
gravitational effects in loop quantum cosmology [52–54],
the parametric resonance during inflation and reheating
[55], and applications to quantum mechanics [56]. We
note here that this method was first applied to inflation-
ary cosmology in the framework of GR in [57–59], and
then we made various extensions, so it can be applied to
other theories of gravity, including the ones with nonlin-
ear dispersion relations [37, 41]. The main purpose of the
present paper is to use this method to derive the inflation-
ary observables of slow-roll inflation in the framework of
the extended EFT. By analytically solving the equation
of motion for scalar perturbations, we concentrate on how
the high-order operators affect the evolution of the per-
turbation modes, by providing the general expressions of
theperturbation spectrum at the end of the slow-roll in-
flation. The main properties of the high-order operators
have been discussed in detail. These expressions repre-
sent a significant improvement over the previous results
obtained so far in the literature.
We organize the rest of the paper as follows. In Sec. II,
we provide a brief introduction to the extended EFT of
inflation and the equations of motion for both cosmo-
logical scalar and tensor perturbations. In Sec. III, we
first discuss how the adiabatic condition is violated due
to the introduction of the high-order operators in the
extended EFT of inflation, and then construct analyti-
cal solutions for scalar perturbation modes, by using the
uniform asymptotic approximation method. With the
analytical solution we derive the general expression of
the corresponding perturbation spectrum. In Sec. IV, we
study the main features of both the particle production
rate during the inflation and the primordial perturba-
tion spectrum. Our main conclusions and discussions
are presented in Sec. V. The strong coupling issue in the
extended EFT is also discussed in Appendix A.
II. EXTENDED EFFECTIVE FIELD THEORY
OF INFLATION
In this section, we present a brief review of the ex-
tended EFT of inflation by including high-order deriva-
tive terms [32]. In general, the EFT of inflation provides
a framework for describing the most general single scalar
field on a quasi de-Sitter background [9, 10]. Since the
Friedmann-Robterson-Walker (FRW) background metric
provides a preferred time foliation, we can in general
write the action of a theory around the FRW background
in terms of only the 3-dimensional spatial diffeomorphism
invariants. Then, it can be shown that the basic build-
ing blocks of this construction include scalars like g00,
pure function of time c(t), and the extrinsic curvature
tensor Kµν of the constant time hypersurfaces. Using
these blocks, one can show that the action of the EFT of
inflation around a flat FRW background reads
Seft = M
2
Pl
∫
d4x
√−g
{
R
2
+ H˙g00 − (3H2 + H˙) + M
4
2
2M2Pl
(g00 + 1)2 +
M¯31
2M2Pl
(g00 + 1)δKµµ
− M¯
2
2
2M2Pl
(δKµµ )
2 − M¯
2
3
2M2Pl
δKµν δK
ν
µ
}
, (2.1)
where δKµν denotes the perturbation of Kµν about the
flat FRW background.
The above action can be extended by including high-
order derivative terms. In this paper, we follow the ex-
tension proposed in [32], which includes only operators
with spatial derivatives up to the fourth-order. The ac-
tion for these additional terms is given by
3∆S =
∫
d4x
√−g
{
M¯4
2
∇g00∇νδKµν − δ1
2
(∇µδKνγ)(∇µδKνγ)− δ2
2
(∇µδKνν )2
− δ3
2
(∇µδKµν )(∇γδKγν)−
δ4
2
∇µδKνµ∇νδKσσ
}
, (2.2)
where M¯4 and δi (i = 1, 2, 3, 4) are constants. The first
term (the M¯4 term) contains three derivatives, thus it
breaks the time reverse symmetry. The other terms (δi
terms) contain the fourth-order derivatives and lead to
sixth-order corrections to the standard linear dispersion
relation of the scalar perturbations.
We would like to mention that, in writing the above
action, one requires the perturbation in the inflaton field
φ to be zero, i.e., δφ = 0. This is achieved by considering
the following linear transformation,
t˜ = t+ ξ0(t, xi), δφ˜ = δφ+ ξ0(t, xi)φ˙0(t), (2.3)
which leads to a particular gauge (unitary gauge) with
ξ0(t, xi) = −δφ/φ˙0, in which there is no inflaton per-
turbations. Obviously, the actions of equations (2.1) and
(2.2), which respect the unitary gauge, are not of time dif-
feomorphism invariance. In order to restore such a sym-
metry, one can introduce a Goldstone mode pi(t, xi) and
require it to transform as pi(t, xi) → pi(t, xi) − ξ0(t, xi).
Consequently, perturbation of the inflaton field is not re-
quired to be zero and it is related to pi(t, xi) via δφ = φ˙0pi.
On the other hand, one must be careful when deal-
ing with higher derivative operators in the theory. The
main concern is that they in general produce time deriva-
tives higher than second-order in the equations of motion,
and according to Ostrogradski’ s theorem, a system with
higher order time derivatives is usually not free of ghosts.
For this reason, as analyzed in [32], one has to impose the
condition
δ1 = 0 = δ2, (2.4)
in order to avoid the presence of high-order time deriva-
tives. In this paper, we will adopt this condition and
disregard the δ1 and δ2 terms in the above action.
A. Tensor perturbations
For the tensor perturbations, the perturbed spacetime
is set to
gij = a
2(δij + hij), (2.5)
where hij represents the transverse and traceless tensor
perturbations, and satisfies the conditions,
hii = 0 = ∂
ihij . (2.6)
Then, expanding the total action Stot = Seft + ∆S up to
the second-order of hij , we find
S2h =
M2Pl
8
∫
dtd3xa3
(
c−2t ∂thij∂th
ij − a−2∂khij∂khij
)
,
(2.7)
where the effective sound speed ct for the tensor pertur-
bations is given by
c2t =
(
1− M¯
2
3
M2Pl
)−1
. (2.8)
In order to avoid superluminal propagations for the ten-
sor modes, we require
M¯3 < 0. (2.9)
Then, the variation of the total action with respect to
hij leads to the equation of motion
d2µ
(t)
k (η)
dη2
+
(
c2tk
2 − a
′′
a
)
µ
(t)
k (η) = 0, (2.10)
where dη = dt/a is the conformal time and µ
(t)
k (η) ≡
aMPlhk/
√
2 with hk denoting the Fourier modes of the
tensor perturbations. In the slow-roll inflation, if we treat
all the slow-rolling quantities approximately as constant,
then the equation of motion for the tensor perturbations
can be solved analytically and expressed as a linear com-
bination of the Hankel functions,
µ
(t)
k (η) '
√−piη
2
[
αkH
(1)
νt (−ctkη) + βkH(2)νt (−ctkη)
]
,
(2.11)
where H
(1)
νt (−ctkη) and H(2)νt (−ctkη) denote the Hankel
functions of the first and second kind, respectively, and
νt is a slow-roll quantity defined as
ν2t ≡ η2
a′′
a
+
1
4
. (2.12)
The coefficients αk and βk are two integration constants.
In order to fix them, we impose the Bunch-Davis (BD)
vacuum state at the initial time,
µ
(t)
k (η) =
1√
2kct
e−ictkη, (2.13)
which leads to
αk = 1, βk = 0. (2.14)
4Then, the tensor perturbation spectrum is calculated at
the end of inflation, i.e., η → 0−. By using the asymp-
totic form of the Hankel function when η → 0−, we obtain
Ph ≡ k
3
pi2M2Pl
∣∣∣∣∣µ(t)k (η)a(η)
∣∣∣∣∣
2
=
k2
4ctpi3
1
a2(η)
Γ2(νt)
(
−ctkη
2
)1−2νt
.
(2.15)
B. Scalar perturbations
As mentioned above, the Goldstone mode pi(t, xi) can
be introduced to restore the time diffeomorphism invari-
ance of the action. This also describes the scalar pertur-
bations around the flat FRW background. Thus, in order
to study the scalar perturbations, one can transform the
action in (2.1) and (2.2) from the unitary gauge to the pi-
gauge by evaluating the action explicitly for pi. Following
this procedure, we find,
Spi = Spieff + ∆S
pi =
∫
d4x
√−g(Leff + L∆S),(2.16)
where
Leff = M2PlH˙(∂µpi)2 + 2M42 p˙i2 − M¯31H
(
3p˙i2 − (∂ipi)
2
2a2
)
−M¯
2
2
2
(
9H2p˙i2 − 3H2 (∂ipi)
2
a2
+
(∂2i pi)
2
a4
)
−M¯
2
3
2
(
3H2p˙i2 −H2 (∂ipi)
2
a2
+
(∂2j pi)
2
a4
)
, (2.17)
and
L∆S = M¯4
2
(
k4Hpi2
a4
+
k2H3pi2
a2
− 9H3p˙i2
)
−1
2
δ3
(
k6pi2
a6
+
3H2k4pi2
a4
+
H2k2p˙i2
a2
− 9H4p˙i2
)
−1
2
δ4
(
k6pi2
a6
+
H2k4pi2
2a4
+
9H4k2pi2
2a2
+
3H2k2p˙i2
a2
+
27
2
H4p˙i2
)
. (2.18)
Note that in the above equations only the quadratic
terms in the action are included, since these are the most
relevant parts for our discussions about the primordial
power spectrum.
Variation of the above action Spi with respect to pi
yields the equation of motion for the Goldstone mode pi,
A1p¨ik +B1p˙ik +
(
F1
k2
a2
+D1
k4
a4
+ C1
k6
a6
)
pik = 0,
(2.19)
where
A1 = −2M2PlH˙ + 4M42 − 6M¯31H − 9H2M¯22
−3H2M¯23 + 2H4F0(k, τ), (2.20)
B1 = −6M¯31 H˙ − 18H˙HM¯22 − 6H˙HM¯23 + 3HC0
+H5
[
6F0(k, τ) +
2k2
a2H2
(δ3 + 3δ4)
]
, (2.21)
C1 = δ3 + δ4, (2.22)
D1 = M¯
2
2 + M¯
2
3 +H
2 δ4
2
+ 3H2δ3 − M¯4H, (2.23)
F1 = −2M2PlH˙ − M¯31H − 3H2M¯22 − M¯23H2
+3H4
(
δ3 +
3
2
δ4
)
− M¯4H3. (2.24)
and
F0(k, τ) ≡ 9
2
δ3 − 27
4
δ4 − k
2
2a2H2
(δ3 + 3δ4)− 9
2H
M¯4.
(2.25)
In order to simplify the above equation, assuming δ3 =
−3δ4 1 and uk = apik [60], we obtain
u′′k +
(
ω2k(η)−
z′′
z
)
uk = 0,
(2.26)
where
ω2k(η) = c
2
sk
2
(
1 +
D1
G1c2s
k2
a2
+
C1
G1c2s
k4
a4
)
, (2.27)
and
c2s ≡
F1
G1
, (2.28)
G1 ≡ −2M2PlH˙ + 4M42 − 6M¯31H − 9H2M¯22
−3H2M¯23 −
81
2
H4δ4 − 9M¯4H3. (2.29)
In the quasi-de-Sitter limit, we also have
z′′
z
' 2
η2
, aH ' −η. (2.30)
It is worth to note that, after considering the high-order
derivative terms in the action, the conventional linear dis-
persion relation becomes nonlinear. To study their effects
it is convenient to introduce a characteristic energy scale
M∗, above which the nonlinear terms become dominant.
For this purpose, we set
αˆ0
(
H
M∗
)2
=
D1H
2
G1c4s
, (2.31)
βˆ0
(
H
M∗
)4
=
C1
G1c6s
, (2.32)
1 The discussion without this condition has been studied in [34]
recently.
5where αˆ0 and βˆ0 are two dimensionless constants in the
de-Sitter limit. Since the physical observables are evalu-
ated at the time when the perturbation modes exit the
Hubble radius with the energy scale of the order of the
Hubble scale H, in order for the high-order derivative
terms to be under control, one would require H  M∗,
so that the horizon crossing can occur in the regime where
the dispersion relation acquires the standard linear form.
With this in mind, it is convenient to write the equation
of motion for the scalar perturbations in the form,
u′′k(η) + c
2
sk
2
(
1 + αˆ0
2
∗y
2 + βˆ0
4
∗y
4 − 2
y2
)
uk(η) = 0,
(2.33)
where we define y ≡ −cskη and
∗ ≡ H
M∗
 1. (2.34)
On the other hand, we also require that all the pertur-
bation modes have to be stable in the ultraviolet regime,
which leads to the condition for the healthy ultraviolet
behavior
βˆ0 > 0. (2.35)
Then, a natural question arises: whether the scalar
perturbations are still compatible with observations af-
ter the inclusion of high-order operators. It was claimed
that the theory with high-order operators would have an
IR strong coupling cut-off ΛIRc , which in general makes
this theory not a viable EFT. If this is true, it implies
that the high energy regime dominated by the k6 term in
(2.27) is not accessible, and all the high-order operators
are suppressed by the strong coupling cut-off, which can
only contribute some negligible corrections. However, as
argued in [60, 61], this may not always be the case. One
way to solve this issue is to require the energy scale of
the strong coupling is greater than the energy scale of the
new physics. In this way, the high-order operators will
dominate at the high energy regime before the scalar per-
turbation mode becomes strong coupled, which changes
dramatically the scaling behavior of the theory, so that it
can be healthy in both of the IR and UV limits. Similar
treatment has also been employed in studying the strong
coupling problem in the HL theory of quantum gravity
and plays an essential role for making the theory power-
counting renormalizable [12–14]. With this treatment,
the extended EFT of inflation with high-order operators
can provide a controlled description of the perturbations
around a quasi de Sitter background from the low energy
regime to UV regime [60]). In Appendix A, by consider-
ing two cubic and quartic terms in the action as exam-
ples, we show in detail how the presence of the high-order
operators can cure the strong coupling problem.
In the next two sections, we shall show in detail that
it is the behavior of the high-order operators in the UV
regime that leads to significant effects on the evolution of
the scalar perturbations and produces modifications on
the primordial power spectrum.
III. APPROXIMATE SOLUTION IN THE
UNIFORM ASYMPTOTIC APPROXIMATION
A. WKB Approximation
In this section, we start with the evolution of the scalar
perturbations during the inflation with the nonlinear dis-
persion relation given in the last section. In general, an
important feature of the nonlinear dispersion relation is
that it can produce additional excited states for the pri-
mordial perturbations on the sub-horizon scale during in-
flation. Before we study the generation of these excited
states and their effects on the primordial perturbation
spectrum in detail, we would like first to provide a qual-
itative analysis by using the WKB approximation.
In general, the solution of the mode function µ
(s,t)
k (η)
of the equation,
µ
′′(s,t)
k (η) + Ω
2(η)µ
(s,t)
k (η) = 0, (3.1)
can be approximated by the WKB solutions
µ
(s,t)
k (η) '
αk√
2Ω(η)
e−i
∫
Ω(η)dη +
βk√
2Ω(η)
ei
∫
Ω(η)dη,
(3.2)
if the WKB condition∣∣∣∣3Ω′24Ω4 − Ω′′2Ω3
∣∣∣∣ 1, (3.3)
is satisfied. Here the function
Ω2(η) ≡ ω2k(η)−
z′′
z
= c2sk
2
(
1 + αˆ0
2
∗y
2 + βˆ0
4
∗y
4 − 2
y2
)
, (3.4)
and αk and βk are the two Bogoliubov coefficients, which
will be determined by the initial conditions. Generally
an adiabatic state is assumed [4],
αk = 1, βk = 0. (3.5)
However, in some cases, the WKB condition may be vio-
lated or not be satisfied during the whole process. Then,
the non-adiabatic evolution of the mode µk(η) will pro-
duce excited states (i.e. particle production) and even-
tually lead to a state with
αk 6= 1, βk 6= 0. (3.6)
According to (3.3), there are several situations in which
the WKB condition can be violated. One case is when
Ω2(η) contains zeros (represented as the real turning
points of Eq. (3.2) or case (a) and (b) in Fig. 1) or is ex-
tremely close to zero (complex conjugated turning points
of Eq. (3.2) or case (c) in Fig. 1) in the intervals of in-
terest. It is simple to check that when Ω2(η) equals zero,
the WKB condition of (3.3) becomes divergent. While
for the linear dispersion relation, Ω2(η) in general has
6only one zero ( which can be identified as the time when
the mode exit the Hubble radius), Ω2(η) in Eq. (3.4) may
have three zeros because of the presence of the higher or-
der operators in the nonlinear dispersion relation. Then,
the WKB condition can be violated at several points. In
particular, when the two zeros are real, the WKB condi-
tion is strongly violated, while it is only weakly violated if
these two zeros are complex conjugated. Another possi-
ble case that could violate the WKB condition is around
the second-order pole about y → 0+ (i.e. η → 0−). For
the latter, it can be shown that∣∣∣∣3Ω′24Ω4 − Ω′′2Ω3
∣∣∣∣→ 38 ∼ O(1), (3.7)
so the WKB condition is not satisfied. Recently, in or-
der to deal with such cases, we have developed a method
(the uniform asymptotic approximation). In the follow-
ing subsections, we are going to apply this method to the
perturbation modes with the high-order operators and
study their effects in detail.
B. Classification of turning points
To this purpose, let us first write the equation of mo-
tion (2.26) for uk in the standard form for the uniform
asymptotic approximation [37, 62, 63]
d2µk
dy2
= {g(y) + q(y)}µk, (3.8)
where
g(y) + q(y) =
2
y2
− βˆ04∗y4 − αˆ02∗y2 − 1. (3.9)
According to the theory of the second-order ordinary
differential equations, the solution of the above equa-
tion depends on poles and turning points of the func-
tion g(y) and q(x). Analyzing the corresponding error
control function associated with the uniform asymptotic
approximation around poles and turning points can pro-
vide guidance on how to determine the functions g(y)
and q(x). For the equation of motion given in the above,
we can see that g(y) and q(y) in general has two poles:
one is located at y = 0+ and the other is at y = +∞.
Using the analysis in the uniform asymptotic approxi-
mation [37, 62, 63], the functions g(y) and q(y) can be
chosen as
q(y) = − 1
4y2
,
g(y) =
9
4y2
− 1− αˆ02∗y2 − βˆ04∗y4. (3.10)
Except the two poles at y = 0+ and y = +∞, g(y)
may also have zeros in the range y ∈ (0,+∞), which are
called turning points. By solving the equation g(y) = 0,
(b)
(a)
(c)
(d)
y=-cskη
fu
nc
tio
n
g(y)
FIG. 1. The function g(y) defined by Eq.(3.10). The cases
(a, b, c) correspond, respectively, to (a) three different real
roots; (b) one single and double roots; or (c) a single and two
complex conjugated roots. The case (d) has only a single real
root with αˆ0 < 0. In all cases, βˆ0 > 0 is assumed.
we obtain three turning points, which are
y0 =
{
−αˆ0
3βˆ02∗
[
1− 2√1− Y cos
(
θ
3
)]}1/2
,
y1 =
{
−αˆ0
3βˆ02∗
[
1− 2√1− Y cos
(
θ + 2pi
3
)]}1/2
,
y2 =
{
−αˆ0
3βˆ02∗
[
1− 2√1− Y cos
(
θ + 4pi
3
)]}1/2
,
(3.11)
with Y ≡ 3βˆ0/αˆ20 and
cos θ ≡ −
(
1− 3
2
Y − 27
8
αˆ0Y
22∗
)2
. (3.12)
Without loss of generality we assume that 0 < y0 <
Re(y1) ≤ Re(y2), in which y0 is assumed to be a single
and real turning point but y1 and y2 can be both real
and single, real and double, or complex conjugated. In
general, the nature of y1 and y2 can be determined by,
∆ ≡ (Y − 1)3 +
(
1− 3
2
Y − 27
8
αˆ0Y
22∗
)2
. (3.13)
When ∆ < 0, the three turning points (y0, y1, and y2)
are all real and different. When ∆ = 0, there is one single
real turning point (y0), and one double real turning point
(y1 = y2). When ∆ > 0, there is a single real turning
point (y0) and two complex conjugated turning points
(y∗1 = y2).
7C. Approximate solution in the Uniform
Asymptotic approximation
According to the discussions given above, there are two
poles and three turning points. In the uniform asymp-
totic approximation, the approximate solution depends
on the types of the turning points. Thus in the following
we are going to discuss the solution around each turning
point in detail.
We first consider the single turning point y0, which lies
in the range (0,Re(y1)). Then, the approximate solution
around this single turning point can be expressed in terms
of the Airy functions,
µk(y) = a0
(
ξ(y)
g(y)
)1/4
Ai(ξ) + b0
(
ξ(y)
g(y)
)1/4
Bi(ξ),
(3.14)
where Ai(ξ) and Bi(ξ) are the Airy functions of type I and
II, respectively, a0 and b0 are two integration constants,
and ξ is a monotonous function of y given by
ξ(y) =

(
− 32
∫ y
y0
√
g(y′)dy′
)2/3
, 0 < y ≤ y0,
−
(
3
2
∫ y
y0
√−g(y′)dy′)2/3 , y0 < y ≤ Re(y1),
(3.15)
.
Around the the turning points y1 and y2, the approxi-
mate solution of µk(y) can be expressed as
µk(y) = a1
(
ζ2 − ζ20
−g(y)
) 1
4
W
(
1
2
ζ20 ,
√
2ζ
)
+b1
(
ζ2 − ζ20
−g(y)
) 1
4
W
(
1
2
ζ20 ,−
√
2ζ
)
, (3.16)
where W ( 12ζ
2
0 ,
√
2ζ) and W ( 12ζ
2
0 ,−
√
2ζ) are the parabolic
cylinder functions, a1 and b1 are two integration con-
stants, and ζ20 is defined as
ζ20 = ±
2
pi
∣∣∣∣∫ y2
y1
√
g(y)dy
∣∣∣∣ . (3.17)
Here ± correspond to y1,2 being both real and complex
conjugated respectively. We observe that the sign of ζ20
depends on the type of the turning points y1 and y2. ζ
2
0 is
positive when y1 and y2 are real and negative if y1 and y2
are complex conjugated. The variable ξ is a monotonous
increasing function of y. When y1 and y2 are both real,
ζ is related to y via

∫ y
y1
√−g(y∗)dy∗ = 12ζ√ζ2 − ζ20 + ζ202 arcosh(− ζζ0) , y0 < y < y1,∫ y
y1
√−g(y∗)dy∗ = 12ζ√ζ2 − ζ20 + ζ202 arcosh(− ζζ0) , y1 < y < y2,∫ y
y2
√−g(y∗)dy∗ = 12ζ√ζ2 − ζ20 − ζ202 arcosh( ζζ0) , y2 < y,
(3.18)
When y1 and y2 are complex conjugated, we have∫ y
Re(y1)
√
−g(y∗)dy∗ = 1
2
ζ
√
ζ2 − ζ20 −
ζ20
2
ln
(
ζ +
√
ζ2 − ζ20
|ζ0|
)
, (3.19)
With the approximate solutions around each of the
turning points given above, now we need to match them
together. Before doing so, we need first to specify the
initial conditions of the perturbation modes. As we have
mentioned at the end of Sec. II (see Eq. (2.35)), in order
to obtain a healthy ultraviolet limit, we have βˆ0 > 0.
This allows us to impose the usual adiabatic Bunch-
Davies vacuum state when y → +∞,
lim
y→+∞µk(y) =
1√
2ωk
e−i
∫
ωkdη
=
√
1
2k
(
1
−g
)1/4
exp
(
−i
∫ y
yi
√−gdy
)
.
(3.20)
Once the initial conditions are specified, we require the
approximate solution (3.16) satisfy these conditions y 
8Re(y2), so that we obtain
a1 = 2
−3/4k−1/2κ−1/2
(
1
2
ζ20
)
, (3.21)
b1 = −i2−3/4k−1/2κ1/2
(
1
2
ζ20
)
, (3.22)
where κ
(
1
2ζ
2
0
)
is given by
κ
(
1
2
ζ20
)
≡
√
1 + epiζ
2
0 − epiζ20/2. (3.23)
Then we need to match the approximate solution (3.14)
around the single turning point y0 with the approximate
solution (3.16) around the turning point y1 in their over-
laping region between y0 and y1. This leads to,
a0 =
√
pi
2k
[
κ−1
(
1
2
ζ20
)
sinB− iκ
(
1
2
ζ20
)
cosB
]
,
b0 =
√
pi
2k
[
κ−1
(
1
2
ζ20
)
cosB+ iκ
(
1
2
ζ20
)
sinB
]
,
(3.24)
where
B ≡
∫ y1
y0
√−gdy + φ(ζ20/2), (3.25)
with φ(x) = x2 − x4 lnx2 + 12phΓ( 12 + ix), where the phase
of Γ( 12 + ix) is zero when x = 0, and is determined by
continuity otherwise.
Having matched the approximate solutions together,
all the integration constants appearing in the approxi-
mate solutions are uniquely determined by the initial con-
ditions. Therefore, with these solutions, we are able to
study the perturbation modes starting from the high en-
ergy regime until the end of the slow-roll inflation. Let us
now consider some representative cases. The cases with
(i) three different single turning points, and (ii) one and
two complex conjugate roots, are plotted respectively in
the left and right panels of Fig. 2. From these figures, we
can see clearly that the exact solutions are well approx-
imated by the analytical ones. We have also considered
many other cases, and found that in all the cases the ana-
lytical approximate solution traces the exact (numerical)
one very well.
IV. NON-ADIABATIC EFFECTS ON POWER
SPECTRUM OF THE SCALAR
PERTURBATIONS
As we have mentioned in the above section, the pres-
ence of the extra turning points leads to the violation of
the adiabatic evolution of the perturbation modes. This
fact has also been indicated and discussed in detail in
Refs. [32, 33, 37, 41]. As pointed out in these works,
the non-adiabatic evolution of the perturbation modes
leads to highly populated excited states and amplify the
standard perturbation spectrum. Since the presence of
the extra turning points is a direct consequence of the
high-order operators included in the extended EFT of
inflation, these non-adiabatic effects are caused directly
by these operators. In this section, by using the analyt-
ical solution we have derived above, we discuss in detail
how these effects affect both the generation of excited
states and the primordial perturbation spectrum.
A. Generation of excited states and particle
production rate
Let us first consider the non-adiabatic effects on the
generation of the excited state. For this purpose, when
the perturbation modes are inside the Hubble radius (be-
tween y0 and y1), we find that g(y) ' −ω2k/k2 and∫ y
y0
√
−g(y)dy′ ' −
∫ η
η0
ωk(η)dη
′. (4.1)
Then, using the asymptotic form of the Airy functions,
we find that the approximate solution (3.14) can be
casted in the form
µk(η) ' 1√
2ωk
√
k
2pi
1
i
{
(ia0 − b0)ei
∫ η
η0
ωk(η)dη
′−ipi4
+(ia0 + b0)e
−i ∫ η
η0
ωk(η)dη
′−ipi4
}
, (4.2)
From which we can immediately identify the Bogoliubov
coefficients of the excited modes at the subhorizon scale
as
|βk|2 = k
2pi
|ia0 − b0|2
=
1
4
(κ2 + κ−2 − 2)
= epiξ
2
0 . (4.3)
Here βk is the Bogoliubov coefficient that measures the
particle production rate. From the above expression, we
can see that β2k is determined by ζ
2
0 , for which we have
the following remarks. First, the sign of ζ20 is sensitive to
the nature of the turning points y1 and y2, which can be
classified into several classes:
• When y1 and y2 are both single and real, ζ20 > 0,
which implies that the particle production during
the process is exponentially enhanced. As we have
shown in Sec. III. B, for this case to happen, one
must require the discriminant ∆ < 0. This corre-
sponds to a requirement on the parameters of the
high-order operators.
• When y1 and y2 are two real and equal, i.e., y1 = y2,
we have ζ20 = 0. Then, we have β
2
k = 1.
• When y1 and y2 are complex conjugated, i.e., y1 =
y∗2 , ζ
2
0 is negative. This implies that the particle
production is exponentially suppressed.
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FIG. 2. Comparison of the analytical approximate solutions in the uniform asymptotic approximation to the numerical (exact)
solutions in a de Sitter background.
Now an important question arises for the case of the
exponentially enhanced particle production rate, namely,
whether or not the backreaction of the excited modes
is small enough to allow inflation to last long enough.
According to the analysis in [64, 65], in order to avoid
large backreactions, one has to impose the condition
|βk|2 . 8pi
H2infM
2
Pl
M4∗
, (4.4)
where Hinf is the energy scale of the inflation, and the
Planck 2015 data yield the constraint Hinf/MPl ≤ 3.5×
10−5 [7]. Thus, if we take Hinf/MPl ∼ 2 × 10−3, we can
infer that
|βk|2 . O(1). (4.5)
Then, we can obtain√
1 + |βk|2 − |βk| . |αk + βk| . |βk|+
√
1 + |βk|2,
(4.6)
which leads to the constraint on |αk + βk|2, that is,
3− 2
√
2 . |αk + βk|2 . 3 + 2
√
2. (4.7)
B. Scalar perturbation spectrum
With the solutions obtained in the last subsection, we
are now able to calculate the perturbation spectrum for
the scalar perturbations at the end of the slow-roll infla-
tion in the limit y → 0+. In this limit, the scalar pertur-
bation is described by the approximate solution (3.14)
around y0. This solution can also be represented as a
linear combination of one growing mode and one decay-
ing mode, in which Bi(ξ) is the growing mode and Ai(ξ)
is the decaying mode. When y → 0+, only the growing
mode is relevant, and then using the asymptotic form of
Bi(ξ) we find
uk ' b0
(
1
pi2g(y)
)1/4
exp
(∫ y0
y
√
g(y)dy
)
, (4.8)
where b0 is given by Eq.(3.24). Then, the scalar power
spectrum is given by
Ps ≡ k
3
2pi2
∣∣∣∣uk(y)z
∣∣∣∣2
= A
(
k2y
9pi2z2
)
exp
(
2
∫ y0
y
√
g(y)dy
)
, (4.9)
where
A ≡ 2k|b0|
2
pi
= 1 + 2epiζ
2
0 + 2epiζ
2
0/2
√
1 + epiζ
2
0 cos(2B). (4.10)
Obviously, the perturbation spectrum can be modified
due to the high-order operators included in the extended
EFT of inflation by two quantities: the modified factor
A(k) and the exponential integration of √−g(y) from y0
to 0. In order to see this fact clearly, let us first consider
the integral with the linear dispersion relation,
M0 = exp
(
2
∫ y0
y
√
9
4y′2
− 1dy′
)
. (4.11)
Here we have y0 =
3
2 in the de-Sitter background. For
the nonlinear dispersion relation, this integral changes to
M = exp
(
2
∫ y0
y
√
g(y′)dy′
)
. (4.12)
With the above two definitions, we can cast the pertur-
bation spectrum of (4.9) into the form
Ps = A× MM0 × P
GR
s , (4.13)
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where PGRs denotes the standard nearly scale-invariant
power-law spectrum in the framework of GR.
One essential question related to the enhanced per-
turbation spectrum is if the effects of A and M/M0
can lead to the violation of the nearly scale-invariance
of the scalar spectrum. In fact, as shown in [41], if we as-
sume that both parameters αˆ0 and βˆ0 are varying slowly,
then the resulting primordial perturbation spectrum is
still nearly scale-invariant. This assumption is correct
if one only considers the first-order slow-roll approxima-
tion by treating all the slow-roll quantities as constant.
In this case, the quantity A and M/M0 do not depend
on k, and, as a result, it does not contribute significantly
to any scale-dependence of the spectrum. In this way,
as shown in [37], the corresponding scalar spectral index
can be calculated directly from the power spectrum (4.9),
which is given by
ns ≡ 1 + d lnPs
d ln k
= 4− 2 lim
y→0
∫ y0
y
1− 2αˆ02∗y′2 + 3bˆeta04∗y′4√
g(y′)
dy′
= nGRs . (4.14)
That is, to the first-order approximations of the slow-
roll parameters, the power spectrum indices of the scalar
perturbations is the same as that given in GR. This indi-
cates that the presence of the high-order operators in the
nonlinear dispersion relation can only affect the overall
amplitude of the scalar spectrum at this order.
It is still worth noting that the presence of the high-
order operators in the nonlinear dispersion relation can
contribute to the scale dependence of the power spec-
trum, if one goes beyond the first-order slow-roll approx-
imation in the extended EFT of inflation. Physically
this is because the presence of the high-order operators
can affect slightly the time when the scalar perturbation
modes exit the Hubble radius, which contributes to the
spectral index at the order of [40, 41],
d lnA
d ln k
∼ d lnM/M0
d ln k
∼ 2∗ ×O(), (4.15)
where ∗ denotes the slow-roll parameters.
Therefore, with the presence of the high-order opera-
tors, the resulting power spectrum of the scalar pertur-
bations is still nearly scale-invariant and the significant
effects due to A and M/M0 can only modify the over-
all amplitude of the power spectrum. In the following we
consider the effects of A andM/M0 and their properties
in detail.
1. Non-adiabatic effects on the perturbation spectrum
The modified factor A measures the contribution due
to the presence of the two turning points y1 and y2. For
the perturbation modes with a linear dispersion relation
in the EFT of inflation, the equation of motion can in
general has only one single turning point. Therefore, the
modified factor A represents a direct effect of the pres-
ence of high-order operators included in the extended
EFT of inflation, namely, the terms with M¯4, δ3, and δ4
in the action (2.2). We observe that A depends on the
quantity ζ20 , which is related to the strength of the viola-
tion of the adiabatic evolution because of the two extra
turning points, as we mentioned above. When ζ20 is pos-
itive and large, which corresponds to the case in which
both y1 and y2 are real (i.e. case (a) in Fig. 1), we have
epiζ
2
0  1. (4.16)
Then the modified factor A reads
A ' 2epiζ20 (1 + cos 2B) , (4.17)
which indicates that the power spectrum is exponentially
enhanced in the most part of the parameter space. When
ζ20 = 0, which corresponds to the double turning point
case y1 = y2 (i.e. case (b) in Fig. 1), we have
A = 3 + 2
√
2 cos 2B. (4.18)
In the case in which ζ20 is negatively large, which corre-
sponds to the case in which the turning points y1 and y2
are complex conjugated, we have
epiζ
2
0  1. (4.19)
Thus, the modified factor A is
A = 1 + 2epiζ20/2 cos 2B+O(epiζ20 ), (4.20)
which reduces to the standard one with only one single
turning point y0. In Fig. 3 and 4, we plot the behavior of
the modified factor A with respect to different parame-
ters. All these figures show clearly the modified factor A
gets enhanced when y1 and y2 are both real and single,
and reduces to one when y1 and y2 are complex conju-
gated. Our analytical results presented here are also in
agreement with the numerical results obtained in [32].
2. Impact of the exponential integration of
√−g(y)
Another effect of the high-order operators, which may
also change the exponential integral of
√−g(y) over
range from y0 to 0 in comparison to a linear dispersion
relation, is the ratio M/M0. From Eq. (4.12), we can
see that M/M0 is more sensitive to the magnitude of
the parameter ∗ = HM∗ rather than the parameters αˆ0
and βˆ0. When ∗  1, as we have assumed in Eq. (2.34),
we find the turning point y0 can be approximated by
y0 =
3
2
+O(∗). (4.21)
During the interval between 0 and y0, we also have√
g(y) =
√
9
4y2
− 1 +O(∗). (4.22)
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With the above expressions, we have
M
M0 = 1 +O(∗). (4.23)
This indicates that if ∗  1, the exponential integral
in (4.12) does not lead to any significant effects on the
primordial perturbation spectrum. The only effects come
from the modified factor A.
If we relax the condition ∗  1 to  . O(1), namely,
we consider αˆ0
2
∗ . O(1) and βˆ04∗ . O(1), the above con-
clusion will be significantly changed. To see this clearly,
in Fig. 5 we plot g(y) for different values of the param-
eters and compare it with the one of a linear dispersion
relation. When both αˆ0
2
∗ and βˆ0
4
∗ are positive, which
corresponds to case (d) in Fig. 1, g(y) only has one sin-
gle turning point and the corresponding modified factor
A ' 1. However, as shown in the top panel of Fig. 5,
this case leads to a shift of y0 from
3
2 in the linear case
to a smaller value. As a result, the curve of g(y) with a
nonlinear dispersion relation is always beneath the one
with a linear dispersion relation between y0 and 0. In
this case, it is obvious that M/M0 < 1 is significant,
which implies the perturbation spectrum is suppressed
in comparison to the standard one given in GR.
When αˆ0
2
∗ is negative, things become more compli-
cated. In this case, the shift of the turning point y0
from 32 is a result of competition between αˆ0
2
∗ and βˆ0
4
∗.
The former can make y0 >
3
2 and the later can make
it smaller. When the effect of αˆ0
2
∗ is larger than that
of βˆ0
4
∗, then y0 becomes larger than 3/2, otherwise it
will be smaller. However, from the shift of y0 itself we
still cannot conclude if the ratio M/M0 is larger than
unity or not. As shown in the middle and bottom pan-
els of Fig. 5, even when y0 < 3/2, the curve of g(y) is
not always beneath the one with a linear dispersion rela-
tion during (0, y0). This makes the analysis of the ratio
M/M0 very difficult. However, it can be shown that the
ratio M/M0 can be either larger than one or smaller
than one, depending on the values of the parameters.
In fact, the impact of the high-order operators on the
perturbation spectrum with larger values of αˆ0
2
∗ and
βˆ0
4
∗ has already been studied numerically in [32]. The
results we presented in this subsubsection is in agree-
ment with these numerical analyses. Here we would like
to emphasize that our analytical results show clearly the
impact of the high-order operators of the extended EFT
of inflation on the perturbation spectrum originally from
two different effects, one is measured by the modified fac-
tor A, and the other is measured by the ratioM/M0. In
addition, we note that, the suppression or enhancement
on the perturbation spectrum due to the ratioM/M0 is
not an effect of the excited state generated by the non-
adiabatic evolution of modes around y1 and y2. These ef-
fects mainly originate from the shifts of the turning point
y0 in comparison with the linear dispersion relation.
V. CONCLUSION AND OUTLOOK
In this paper, we provide a detailed and analytical
study of the effects of high-order operators on the pri-
mordial curvature perturbations. These high-order oper-
ators are naturally included in the framework of the ex-
tended EFT of inflation. We show clearly that the effects
of these high-order operators can naturally generate an
excited state on the primordial curvature perturbation
rather than the usual BD vacuum state at subhorizon
scale before the perturbation modes cross the Hubble ra-
dius. As we showed in Sec. IV, this excited state can
produce enhanced effects if these high-order operators
can lead to strong violation of the adiabatical condition
of the perturbation modes (corresponding to two extra
real and single turning points y1 and y2), but reduce to
the BD state when the violation is weak (corresponding
to two complex conjugated turning points). With this
excited state, we calculate explicitly these non-adiabatic
effects on the primordial curvature perturbation spec-
trum and showed that the modifications of the spectrum
come from two effects, one is from the modified factor A
and the other is from the exponential integral of
√
g(y)
over the range of (0, y0). Despite of all these effects, the
resulting modified power spectrum is still nearly scale-
invariant and the presence of the high-order operators
can only affect the overall amplitude of the spectrum. In
particular, we show clearly that the modified factor A
measures the contribution due to the presence of the two
turning points y1 and y2, which represents direct effects
of the inclusion of the high-order operators in the theory.
The effects from the exponential integral, which either
leads to suppression or enhancement on the perturbation
spectrum, are mainly from the derivation of the turning
point y0 from that in comparison with the linear disper-
sion relation.
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APPENDIX A: ANALYSIS OF THE STRONG
COUPLING PROBLEM
In this appendix, we present a detailed analysis of the
strong coupling problem in the extended EFT of infla-
tion. We consider several cubic and quartic terms in
the action which can run into the strong coupling regime
when the dispersion relation is linear. Then we show in
detail that this strong coupling problem can be cured by
the presence of the high-order operators introduced in
the extended EFT of inflation [32]. For this purpose, we
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FIG. 3. The modified factor A as a function of βˆ0 with αˆ0 and ∗ fixed. In both figures, the modified factor changes from
the two real turning points region (corresponds to A 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FIG. 4. The modified factor A as a function of βˆ0 with αˆ0 = 2
for several values of ∗.
adopt the mechanism used in refs. [13, 14, 66, 67] in the
Horava-Lifshitz gravity and follow the calculations given
there. It is worth noting that the similar mechanism has
also been used to get rid of the strong coupling problem
in the EFT of inflation with the presence of the fourth-
order derivative operators [61].
To proceed, let us first write the quadratic action (2.16)
of the extended EFT of inflation in the form of
S(2)pi =
1
2
∫
d4xa3A1
[
p˙i2 − c2s
(
(∂ipi)
2
a2
− αˆ0
M2∗
c2s
(∂2pi)2
a4
+
βˆ0
M4∗
c4s
(∂3pi)2
a6
)]
, (A.1)
where A1, cs, αˆ0, βˆ0, and M∗ are given by eqs. (2.20,
2.28, 2.31, 2.32), respectively. In order to consider the
strong coupling problem, we consider the following cubic
and quartic terms in the action as examples,
S(3)pi ∼
∫
d4xa3λ1
p˙i(∂ipi)
2
a2
, (A.2)
S(4)pi ∼
∫
d4xa3λ2
(∂ipi∂
ipi)2
a4
, (A.3)
where λ1 and λ2 are two coupling constants. The cou-
pling constant λ1 has been derived in [61] without the
introducing of the sixth derivative operators. The effects
of the higher derivative terms can only contribute small
corrections so that we have λ1 ' 2M2PlH˙(1− c2s)c−2s (1 +O(2∗)) ' −2M2PlH21c−2s (1 − c2s) [61]. For the cou-
pling constant λ2, normally one has λ2 ∼ M2PlH21(1 −
c2s)
pc−qs (1 +O(2∗)) with p ≥ 0, q > 0 [61].
Depending on the energy scale, the above two terms
have different scalings. So in the following we consider
them, separately.
A. |∂i| M∗
In this case, we find that the high-order derivative
terms in the quadratic action can be neglected, and
S(2)pi '
1
2
∫
d4xa3A1
[
p˙i2 − c2s
(∂ipi)
2
a2
]
. (A.4)
Considering the transformation
t→ b1tˆ, xi → b2xˆi, pi → b3pˆi, (A.5)
the action (A.4) can be written in the canonical form,
S(2)pi '
∫
d4xˆa3
[
(∂ˆtpˆi)
2 − (∂ˆipˆi)
2
a2
]
. (A.6)
Note that we consider A1 and c
2
s being constants since
they both are slowly-varying during the slow-roll infla-
tion. In writing the above form one sees that the coef-
ficient of each term in the action is of the order of O(1)
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sion relations in the range of from (0, y0) for different values
of parameters.
and
b2 = b1cs, b3 =
√
2
b1
√
A1c
3/2
s
. (A.7)
Then, under the same transformation (A.5) the cubic and
quartic terms transform into
S(3)pi '
1
b21c
7/2
s
(
2
A1
)3/2
Sˆ(3)pi , (A.8)
S(4)pi '
4
b41A
2
1c
7
s
Sˆ(4)pi . (A.9)
On the other hand, we observe that the action (A.6) is
invariant under the rescaling,
tˆ→ b−1tˆ, xˆi → b−1xˆi, pˆi → bpˆi. (A.10)
Then the coupling constants λ1 and λ2 scale as b
2 and
b4, respectively. Therefore, these terms are irrelevant
and nonrenormalizable [68]. To see the problem clearly,
let us consider a physical process with the energy E, for
example, then we have∫
d4xˆa3
∂ˆtˆpˆi(∂ˆipˆi)
2
a2
∼ E2, (A.11)∫
d4xˆa3
(∂ˆipˆi∂ˆ
ipˆi)2
a4
∼ E4. (A.12)
Since the cubic and quartic action is dimensionless, we
must have
1
b21c
7/2
s
(
2
A1
)3/2
Sˆ(3)pi '
(
E
Λ
(3)
sc
)2
, (A.13)
4
b41A
2
1c
7
s
Sˆ(4)pi '
(
E
Λ
(4)
sc
)4
, (A.14)
where the strong coupling energy scales Λ
(3,4)
sc are,
Λ(3)sc =
b1c
7/4
s
λ
1/2
1
(
A1
2
)3/4
, (A.15)
Λ(4)sc =
b1
√
A1c
7/4
s√
2λ
1/4
2
. (A.16)
Although we have only considered two terms, by fol-
lowing the above procedure one can in principle get the
strong coupling scales Λsc for all the nonrenormalizable
terms in the cubic and quartic action [68]. It is obvi-
ous that when the energy E is above the strong coupling
scales Λ
(3)
sc (Λ
(4)
sc ), it runs into the strong coupling regime.
The strong coupling energy and momentum scales in the
physical coordinates are given respectively by
(Λ(3)ω ,Λ
(3)
k ) =
(
c
7/4
s
λ
1/2
1
(
A1
2
)3/4
,
c
3/4
s
λ
1/2
1
(
A1
2
)3/4)
,
(Λ(4)ω ,Λ
(4)
k ) =
(√
A1c
7/4
s√
2λ
1/4
2
,
√
A1c
3/4
s√
2λ
1/4
2
)
.
(A.17)
We would like to mention that the above analysis only
holds for M∗  E > Λ(3,4)ω , which implies
c
7/4
s
λ
1/2
1
(
A1
2
)3/4
,
√
A1c
7/4
s√
2λ
1/4
2
< M∗. (A.18)
However, when M∗ < Λ
(3,4)
ω and E > M∗, before reach-
ing the strong coupling energy scale, one has to take the
effects of the high-order derivative terms in (A.1) into ac-
count. In ref.[61], it has been proved in detail that exactly
due to the presence of the fourth-order derivative terms
14
in the EFT of inflation, the strong coupling problem can
be cured. This is very similar to the strong coupling
problem that have been eliminated due to the presence
of the high-order derivative terms up to the sixth order
[13, 14]. In the following, by applying the same mecha-
nism we shall show that the strong coupling problem can
also be cured with the presence of the high-order spa-
tial derivative terms. Since ref. [61] has considered the
fourth-order derivative terms in detail, here we only focus
on the effects of the sixth-order operators.
B. M∗ < Λ
(3,4)
ω
In this case, for E > M∗, the action (A.1) reduces to
S(2)pi '
1
2
∫
d4xa3A1
[
p˙i2 − βˆ0
M4∗
c6s
(∂3pi)2
a6
]
. (A.19)
Using the transformation (A.5) with
b2 =
21/6b
1/3
1 c
1/2
s βˆ
1/12
0
A
1/6
1 M
1/3
∗
, (A.20)
b3 =
21/4M
1/2
∗
A
1/4
1 c
3/4
s βˆ
1/8
0
, (A.21)
one has
S(2)pi =
∫
d4xˆ[(∂ˆtˆpˆi)
2 − (∂ˆ3pˆi)2]. (A.22)
For the cubic and quartic action, they transform as
S(3)pi =
2
√
2b
1/3
1 M
7/3
∗
A
3/2
1 c
7/2
s βˆ
7/12
0
Sˆ(3)pi , (A.23)
S(4)pi =
4b
2/3
1 M
14/3
∗
A21c
7
sβˆ
7/6
0
Sˆ(4)pi . (A.24)
Similar to [13, 14], we also observe that the quadratic
action is invariant under the rescaling
tˆ→ b−3tˆ, xˆi → b−1xˆi, pˆi → pˆi. (A.25)
Then, one can immediately see that the λ1 term in the
cubic action and λ2 term in the quartic action scale as
b−1 and b−2, respectively. Therefore, these two terms
become superrenormalizable [68].
Therefore, the conditions for curing the strong cou-
pling problem which arises in the cubic and quartic terms
require M∗ . Λ(3,4)ω . This leads to
M∗ .
c
7/4
s
λ
1/2
1
(
A1
2
)3/4
,
√
A1c
7/4
s√
2λ
1/4
2
. (A.26)
Considering A1 ' −2M2PlH˙(1 +O(2∗)) ' 2M2PlH21 and
λ1 ' 2M2PlH˙(1−c2s)c−2s (1+O(2∗)) ' −2M2PlH21c−2s (1−
c2s) [61], the first condition in (A.26) reduces to
M∗ .
c
11/4
s M
1/2
Pl H
1/2
1/4
1√
1− c2s
' O(1)√
1− c2s
× 10−3MPl.
(A.27)
Note that in the above we have assumed cs ∼ O(1) and
used H ∼ 2.7 × 10−5MPl, 1 ∼ 0.0068 from the Planck
2018 data [6]. Notice that we have also assumed the
condition H . M∗ (i.e. ∗ < 1) throughout the paper,
which implies
2.7× 10−5 . M∗
MPl
. O(1)√
1− c2s
× 10−3. (A.28)
Similarly, for the second condition in (A.26) with λ2 ∼
M2PlH
21c
−q
s (1− c2s)p, we find
2.7× 10−5 . M∗
MPl
. O(1)
(1− c2s)p/4
× 10−3. (A.29)
Therefore, we conclude that, provided above conditions
hold, the cubic and quartic terms considered in this ap-
pendix do not lead to any strong coupling problem. Al-
though we have only considered the strong coupling prob-
lem associated with these two terms, the analysis can
be extended to other high-order terms in the cubic and
quartic action. In this appendix (as well as in [66, 67]),
we show clearly that all these terms can be made either
superrenormalizable or strictly renormalizable.
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